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Abstract
We study differential systems for which it is possible to establish a correspondence
between symmetries and conservation laws based on Noether identity: quasi-Noether
systems. We analyze Noether identity and show that it leads to the same conservation
laws as Lagrange (Green-Lagrange) identity. We discuss quasi-Noether systems, and
some of their properties, and generate classes of quasi-Noether differential equations
of the second order. We next introduce a more general version of quasi-Lagrangians
which allows us to extend Noether theorem. Here, variational symmetries are only
sub-symmetries, not true symmetries. We finally introduce the critical point condition
for evolution equations with a conserved integral, demonstrate examples of its com-
patibility, and compare the invariant submanifolds of quasi-Lagrangian systems with
those of Hamiltonian systems.
1 Introduction
For variational systems the relation between symmetries of the Lagrangian function and
conservation laws was known from the classical Noether result [10]. It was shown that
there is one-to-one correspondence between variational symmetries (symmetries of variational
functional) and local conservation laws of a differential system, [11].
In this paper, we study differential systems that allow a Noether-type association between
its conservation laws and symmetries (quasi-Noether systems). Our approach is based on the
Noether operator identity [12] that relates the infinitesimal transformation operator to the
Euler and divergence operators. The Noether operator identity has been shown to provide
a Noether-type relation between symmetries and conservation laws not only for Lagrangian
systems, but also for a large class of differential systems that may not have a well-defined vari-
ational functional, see [13], [14]. Noether operator identity was also demonstrated to allow
derivation of extension of Second Noether Theorem for non-Largangian systems possessing
infinite symmetry algebras parametrized by arbitrary functions of all independent variables,
[16]. These infinite symmetry algebras were shown to lead to differetial identities between
the equations of the original differential system and their derivatives. Recently Noether
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identity was used to generate relations between sub-symmetries [17] and corresponding local
conservation laws [18] for quasi-Noether systems.
In this paper, we analyze quasi-Noether systems and some of their properties. In Section
2, we review known correspondence between symmetries and conservation laws for varia-
tional systems from the standpoint of the Noether identity. In Section 3, we discuss this
correspondence for a more general class of differential systems (quasi-Noether systems) that
includes non-variational problems. We review conservation laws obtained with the use of
approach based on the Noether identity and compare them with the results obtained from
the Lagrange (Green-Lagrange) identity. We also find the class of quasi-Noether evolution
equations of the second order, and quasi-linear equations of the second order. In Section
4, we generalize the concept of quasi-Lagrangian, and use it to prove a new extension of
the Noether theorem to non-Lagrangian systems. In this approach, variational symmetries
of quasi-Lagrangians are only sub-symmetries, and need not be symmetries. We give an
example where all lower conservation laws are generated in this way, but where the previous
correspondence fails. As a geometric application, we compare the invariant submanifolds of
quasi-Noether systems to those of Hamiltonian systems and show that they behave in an
“opposite” way. To address this fact we introduce the notion of a critical point of a conserved
quantity, and demonstrate examples of the compatibility of the critical point condition with
the time evolution of the PDE system.
2 Symmetries and conservation laws of variational sys-
tems
Let us briefly outline the approach we follow.
∆a(x, u, u(1), u(2), . . . ) = 0, a = 1, . . . , q,
we mean a divergence expression
DiK
i(x, u, u(1), u(2), . . . )
.
= 0, (2.1)
that vanishes on all solutions of the original system; we denote this type of equality by
(
.
=). Here, x = (x1, x2, . . . , xp) and u = (u1, u2, . . . , uq) are the tuples of independent and
dependent variables, respectively; u(r) is the tuple of rth-order derivatives of u, r = 1, 2, . . . ;
∆a and Ki are differential functions, i.e. smooth functions of x, u and a finite number of
derivatives of u (see [11]); i, j = 1, . . . , p, a = 1, . . . , q. We assume summation over repeated
indices.
We let
Di = ∂i + u
a
i ∂ua + u
a
ij∂uaij + · · · = ∂i + uaiJ∂uaJ
be the i–th total derivative, 1 ≤ i ≤ p, the sum extending over all (unordered) multi-indices
J = (j1, j2, ..., jk) for k ≥ 0 and 1 ≤ jk ≤ p.
Two conservation laws K and K˜ are equivalent if they differ by a trivial conservation law
[11]. A conservation law DiP
i .= 0 is trivial if a linear combination of two kinds of triviality
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is taking place: 1. The p-tuple P vanishes on the solutions of the original system: P i
.
= 0.
2. The divergence identity is satisfied for any point [u] = (x, u(n)) in the jet space (e.g. div
rot u = 0).
We consider smooth functions ua = ua(x) defined on an open subset D ⊂ Rp. Let
S =
∫
D
L(x, u, u(1), . . . ) d
px
be the action functional, where L is the Lagrangian density. The equations of motion are
Ea(L) ≡ ∆a(x, u, u(1), . . . ) = 0, 1 ≤ a ≤ q, (2.2)
where
Ea =
∂
∂ua
−
∑
i
Di
∂
∂uai
+
∑
i6j
DiDj
∂
∂uaij
+ · · · (2.3)
is the a-th Euler (Euler–Lagrange) operator (variational derivative). We call the tuple E =
(E1, . . . , En) the Euler operator. In the notation of [11], we could give it the following form:
Ea = (−D)J ∂
∂ua
J
, 1 ≤ a ≤ q, (2.4)
The operator (−D)J is defined here as (−D)J = (−1)kDJ = (−Dj1)(−Dj2) · · · (−Djk). The
operator Ea annihilates total divergences.
Consider an infinitesimal (one-parameter) transformation with the canonical infinitesimal
operator
Xα = α
a ∂
∂ua
+
∑
i
(Diα
a)
∂
∂uai
+
∑
i6j
(DiDjα
a)
∂
∂uaij
+ · · · = (DJαa)∂ua
J
. (2.5)
where αa = αa(x, u, u(1), . . . ), and the sum is taken over all (unordered) multi-indices J . The
variation of the functional S under the transformation with operator Xα is
δS =
∫
D
XαLd
px . (2.6)
Xα is a variational (Noether) symmetry if
XαL = DiM
i, (2.7)
where M i = M i(x, u, u(1), . . . ) are smooth functions of their arguments. The Noether (op-
erator) identity [12] (see also, e.g. [6] or [13]) relates the operator Xα to Ea,
Xα = α
aEa +DiR
i, (2.8)
Ri = αa
∂
∂uai
+
{∑
k>i
(Dkα
a)− αa
∑
k6i
Dk
}
∂
∂uaik
+ · · · . (2.9)
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The expression for Ri can be presented in a more general form [12, 8]:
Ri = (DKα
a) (−D)J∂ua
iJK
, (2.10)
where J and K sum over multi-indices.
Applying the identity (2.8) with (2.9) to L and using (2.7), we obtain
Di(M
i −RiL) = αa∆a, (2.11)
which on the solution manifold (∆ = 0, Di∆ = 0, . . . )
Di(M
i − RiL) .= 0, (2.12)
leads to the statement of the First Noether Theorem: any one-parameter variational sym-
metry transformation with infinitesimal operator Xα (2.5) gives rise to the conservation law
(2.12).
Note that Noether [10] used the identity (2.11) and not the operator identity (2.8). The
first mention of the Noether operator identity (2.8), to our knowledge, was made in [12].
We next consider differential systems that may not have well-defined Lagrangian func-
tions.
3 Symmetries and conservation laws of quasi-Noether
systems
For a general differential system, a relationship between symmetries and conservation laws
is unknown. In [13] and [14], an approach based on the Noether operator identity (2.8) was
suggested to relate symmetries to conservation laws for a large class of differential systems
that may not have well-defined Lagrangian functions. In the current paper, we will follow
this approach.
3.1 Approach using the Noether operator identity
We consider q smooth functions u = (u1, u2, ..., uq) of p independent variables x = (x1, x2, ..., xp)
defined on some nonempty open subset of Rp. Consider a system of n ℓth order differential
equations ∆ = (∆1,∆2, ...,∆n) for functions u :
∆a(x, u, u(1), u(2), . . . , u(l)) = 0, a = 1, 2, ..., n. (3.1)
Here, each ∆a(x, u, u(1), u(2), . . . , u(l)), a = 1, 2, ..., n is a smooth function of x, u, and all
partial derivatives of each uv, (v = 1, . . . , q) with respect to the xi (i = 1, . . . , p) up to the ℓth
order (differential function [11]). We assume that ∆ (3.1) is normal, totally nondegenerate
system (locally solvable at every point, and of maximal rank) [11].
Let ∆(x, u, u(1), u(2), . . . , u(l)) ≡ ∆[u] ≡ ∆, xJ = (xj1, xj2 , ..., xjk) and uvJ be partial
derivatives, where J = (j1, j2, ..., jk). Applying the Noether operator identity (2.8) to a
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combination of original equations with some coefficients (differential operators) βa ∆a, we
obtain
Xα(β
a∆a) = αvEv(β
a∆a) +DiR
i(βa∆a), a = 1, . . . n, v = 1, . . . , q, i = 1, . . . , p.
(3.2)
If our system (3.1) allows the existence of coefficients βa (cosymmetries) such that
Ev(β
a∆a)
.
= 0, a = . . . , n, v = 1, . . . , q (3.3)
on the solution manifold (∆ = 0, Di∆ = 0, . . . ), then according to (3.2), each symmetry of
the system Xα will lead to a local conservation law (see [14], see also [13])
DiR
i(βa∆a)
.
= 0. (3.4)
for any differential systems of class (3.3). In [13], the quantity βa∆a was referred to as an
alternative Lagrangian.
Let us note that the correspondence between symmetries and local conservation laws
defined above for differential systems without well-defined Lagrangian functions may not
be one-to-one or onto, as in the case of variational symmetries and local conservation laws
[11], and non-trivial symmetries may lead to trivial conservation laws. If β generates a
conservation law, i.e. E(β · ∆) ≡ 0, then it was shown in [1] that translation symmetries
α = aiui, a = const. lead to trivial conservation laws if βx = 0.
In general, the nontriviality of a conservation law is determined by the characteristic.
To compute it explicitly, let Xα(β · ∆) = A · ∆ and E(β · ∆) = B · ∆ for A,B differential
operators. Then the Noether identity and integration by parts yield
A ·∆ = Xα(β ·∆) = α · E(β ·∆) + div
= α · (B ·∆) + div
= ∆ · (B∗ · α) + div,
(3.5)
where (B∗)va = (−D)I ◦ BavI is the adjoint operator. Integrating by parts the LHS and
rearranging yields overall
[B∗ · α−A∗(1)] ·∆ = div, (3.6)
where the divergence is equivalent to (3.4) on solutions, and A∗(1)v = (−D)IAvI .
Thus, the conservation law obtained from Noether identity and corresponding to sym-
metry Xα is nontrivial if
B∗ · α− A∗(1) 6= 0 (3.7)
on solutions of the original system (3.1).
The condition (3.3) can be written in a somewhat more general form [14]
Ev(β
ac∆a)
.
= 0, a, c = 1, . . . n, v = 1, . . . , q. (3.8)
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In terms of the Fre´chet derivative operator D∆ and its adjoint D
∗
∆ [11]
(D∆)av =
∑
J
∂∆a
∂uvJ
DJ , (3.9)
(D∗∆)avβ
a =
∑
J
(−1)kDJ
(
∂∆a
∂uvJ
βa
)
, (3.10)
the condition (3.3) was shown in [15] to be related to the condition of self-adjointness of the
operator D∆ (generalized Helmholtz condition)
D∗∆ −D∆ = 0, (3.11)
this relationship being:
Ev(β
a∆a)
.
= (D∗∆ − D∆)avβa, a = 1, . . . n, v = 1, . . . , n. (3.12)
Expression (3.12) provides a relationship between the condition (3.3) for a system to
be quasi-Noether and the existence of a variational functional for a transformed differential
system.
The condition (3.3) can be considered as defining quasi-Noether systems, see also [16].
A system (3.1) is quasi-Noether if there exist functions (differential operators) βa such that
the condition (3.3) is satisfied. In [13], the quantity βv∆v was referred to as an alterna-
tive Lagrangian. If coefficients βa generate a conservation law, they are related to adjoint
symmetries [19], and referred to as characteristics of a corresponding conservation law [11],
generating functions [20] or multipliers [2]. In general, we call them cosymmetries [20] if
they satisfy (3.3).
It should be noted that the condition (3.3) (for a system to be quasi-Noether and possess
a correspondence between symmetries and conservation laws) was obtained earlier within
an alternative approach based on the Lagrange identity. In [21], the classical Lagrange
identity (Green’s formula) was used for generating conservation laws for a linear differential
system. A condition for the existence of a certain conservation law written in terms of an
adjoint differential operator was presented in [20] within a general framework of algebraic
geometry. In [22], a correspondence between symmetries and conservation laws based on
Green’s formula and a condition similar to (3.3) was obtained for evolution systems. For the
case of point transformations, this correspondence was discussed in [5]. In [19], the geometric
meaning of this condition was discussed for mechanical systems. In [8], a condition that can
be reduced to (3.3) was presented for a general differential system.
Note that the condition (3.3) played a key role in later developed direct method [2] and
the nonlinear self-adjointness approach [7].
3.2 Approach using Lagrange identity
Let us briefly describe the alternative approach based on the Lagrange identity and compare
the results with those of the Noether identity approach.
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The well-known Lagrange identity is as follows:
βa(D∆)avα
v − αv(D∗∆)avβa = DiQi[α, β,∆], (3.13)
where D∆ is the Fre´chet derivative of ∆, and D
∗
∆ is its adjoint. An explicit expression for
the trilinear fluxes Q[α, β,∆] was given in [8]:
Qi[α, β,∆] = (−1)|J |DKαvDJ
(
βa∂uv
iJK
∆a
)
, 1 ≤ i ≤ p.
Using the fact that
(D∆)avα
v = Xα∆
a, (3.14)
(see (2.5), and (3.9)) we can express (3.13) as follows:
βaXα∆
a − αv(D∗∆)avβa = DiQi[α, β,∆]. (3.15)
If, for a given system ∆, there exist functions βa and operators Υva = υvaJDJ such that
the following relationships hold:
(D∗∆)avβ
a = Υva∆a, 1 ≤ v ≤ q, (3.16)
then (D∗∆)avβ
a =˙ 0. Thus, for each symmetry Xα of the system ∆ = 0, (Xα∆
a = Λab∆b for
some operators Λab = λabJDJ), equation (3.15) provides a corresponding conservation law:
DiQ
i[α, β,∆] = (βaΛab − αvΥva)∆a =˙ 0. (3.17)
We now show that the correspondence between symmetries and conservation laws in
terms of Lagrange identity is equivalent to the one using the Noether identity and leads to
the same conservation laws. Indeed, using the product rule [11]:
Ev(β
a∆a) = (D∗∆)avβ
a + (D∗β)av∆
a, 1 ≤ v ≤ q, (3.18)
in (3.15) gives:
βaXα∆
a − αvEv(βa∆a) + αv(D∗β)av∆a = DiQi.
Using βaXα∆
a = Xα(β
a∆a)−∆aXαβa we obtain
Xα(β
a∆a) = αvEv(β
a∆a) +DiQ
i[α, β,∆] + (Xαβ
a − αv(D∗β)av)∆a. (3.19)
The last term in (3.19) is a total divergence by (3.13):
∆aXαβ
a − αv(D∗β)av∆a = ∆a(Dβ)avαv − αv(D∗β)av∆a = DiQi[α,∆, β].
Thus, (3.19) provides the same result as the Noether identity:
Xα(β
a∆a) = αvEv(β
a∆a) +Di(Q
i[α,∆, β] +Qi[α, β,∆]). (3.20)
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Let us show that the condition used in direct method [2]
(D∗∆)avβ
a =˙ 0 (3.21)
is equivalent to the quasi-Noether condition (3.3). Indeed, using the identity [11]
Ev(β
a∆a) = (D∗∆)avβ
a + (D∗β)av∆
a, (3.22)
and the fact that
(D∗β)av∆
a .= 0, (3.23)
we obtain condition (3.21)
Ev(β
a∆a)
.
= (D∗∆)avβ
a .= 0. (3.24)
An alternative key expression of the direct method
Ev(β
a∆a) = 0 (3.25)
is a special case of (3.3). Note also that the direct method aims at the generation of conser-
vation laws for a differential system without regard to its symmetries while the goal of both
approaches above taken earlier was to establish a correspondence between symmetries and
conservation laws.
3.3 Quasi-Noether systems
As noted above the condition (3.3) (or (3.8)) determines quasi-Noether systems.
It can be shown that the general case of differential systems (3.1) satisfying the condition
(3.3), with βa being differential operators
βa = βaJ [u]DJ , DJ = Dj1Dj2 · · ·Djk , Djr =
d
dxjr
, r = 1, 2, ..., k, (3.26)
can be reduced to the case of the condition (3.3) with the βaJ being differential functions.
Indeed, (see [11])
βa∆a = βaJDJ∆
a = DJ
(
βaJ∆a
)
+
(
(−D)JβaJ
)
∆a. (3.27)
Since the contribution of the first term in the RHS, being a total divergence, is zero after
applying the Euler operator, we find that
Ev(β
a∆a)
.
= Ev(β¯
a∆a)
.
= 0, a = 1, . . . n, v = 1, . . . , q, (3.28)
where each β¯a =
(
(−D)JβaJ
)
is a differential function.
In the following theorem, we prove that local conservation laws exist only for quasi-
Noether systems.
Theorem 1 (Quasi-Noether systems and conservation laws). Any differential system (3.1)
that possesses local conservation laws is quasi-Noether. A quasi-Noether system that admits
continuous symmetries in general, possesses local conservation laws.
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Proof. Assume that the system (3.1) has some local conservation law
DiP
i = γa∆a, (3.29)
where P i and γa are differential functions. Then
Ev(γ
a∆a) = 0, a = 1, . . . n, v = 1, . . . , q, i = 1, . . . , p, (3.30)
which shows that the system is quasi-Noether.
Suppose now that the quasi-Noether system (3.3) possesses a continuous symmetry with the
infinitesimal operator Xα (2.5). Rewriting condition (3.3) in the form
Ev(β
a∆a) = Γva∆a
.
= 0, v = 1, . . . q, (3.31)
where the sum is taken over 1 ≤ a ≤ n, βa are differential functions, and Γva = ΓvaJDJ are
differential operators. Multiplying the equation (3.31) by αv and taking a sum over v, we
obtain
αvEv(β
a∆a) = αvΓva∆a. (3.32)
Applying the Noether identity (2.8) in the LHS, we obtain(
Xα −DiRi
)
(βa∆a) = αvΓva∆a, a = 1, . . . n, v = 1, . . . , q, i = 1, . . . , p. (3.33)
Since Xα is a symmetry operator for the system ∆
a, we obtain
DiR
i(βa∆a)
.
= 0, a = 1, . . . n, v = 1, . . . , q, i = 1, . . . , p, (3.34)
and therefore, a quasi-Noether system with continuous symmetries in general, possesses local
conservation law (3.34).
Note that in some cases the conservation law (3.34) may be trivial.
Note also that condition (3.3) allows one to find and classify quasi-Noether equations of
a certain type. For example, it can be shown that equations of the following class:
ut = uxx + u
n
x, n = 0, 1, 2, 3, ... (3.35)
possess conservation law(s) only for n = 0, 1, 2. Correspondingly, for n ≥ 3, such equations
are not quasi-Noether and, hence, do not admit any conservation laws.
3.4 Classes of Quasi-Noether equations
The quasi-Noether class of equations for which it is possible to establish a Noether type
correspondence between symmetries and conservation laws is quite large, and covers practi-
cally all interesting differential systems of mathematical physics, and all systems possessing
conservation laws. Many examples of equations of the class were given in [13], [14], and
[15]. Quasi-Noether systems include all differential systems in the form of conservation laws,
e.g. KdV, mKdV, Boussinesq, Kadomtsev-Petviashvili equations, nonlinear wave and heat
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equations, Euler equations, and Navier-Stokes equations; as well as the homogeneous Monge-
Ampere equation, and its multi-dimensional analogue, see [13]. In [16], the approach based
on the Noether identity was applied to quasi-Noether systems possessing infinite symmetries
involving arbitrary functions of all independent variables, in order to generate an exten-
sion of the Second Noether theorem for systems that may not have well-defined Lagrangian
functions.
3.4.1 Evolution equations
Consider evolution equations of the form
ut = A(u, ux)uxx +B(u, ux). (3.36)
Assuming β = β(t, x, u, ux, uxx, . . . , unx), and requiring our equation to be quasi-Noether
(3.3) we obtain the following condition
Eu[βut − β(Auxx +B)] =˙ 0. (3.37)
It can be shown that β = β(t, x, u). Moreover, it can be shown that for this system, the
above equality holds for all u (=) rather than strictly solutions ( =˙ ).
We obtain the following classes of equations:
1.
A(u, ux) = αHux/S
′(u),
B(u, ux) = α(uxHu − S(u))/S ′(u),
β(t, u) = eαtS ′(u),
(3.38)
where H(u, ux) and S(u) are arbitrary functions, and α is a constant.
In this case the equation ∆ = ut − Auxx − B is obviously, quasi-Noether since the left
hand side turns into total divergence upon multiplication by β:
β∆ = Dt[e
αtS(u)]− αDx[eαtH(u, ux)].
2.
A(u, ux) = (uxGux −G)/u2x,
B(u, ux) = Gu + (b/ux + c
′(u))G+ h+ ux(a+ hu + hcu)/b,
β(t, x, u) = exp(at+ bx+ c(u)),
(3.39)
where G(u, ux), c(u), and h(u) are arbitrary functions, and a and b are constants.
a. The special case G(u, ux) = u
2
x, c(u) = u, h(u) = 0, and a = −b2, leads to the following
equation:
ut − uxx − u2x = 0. (3.40)
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Multiplication by β = exp(bx − b2t + u) turns the LFS of equation (3.40) into a total
divergence:
Dt(βu)−Dx[β(ux − b)] = 0.
b. Choosing a = −b2, c′(u) = 0, G(u, ux) = ux2 + pux, p = const, h(u) = 1 − bp we obtain
heat equation, A = 1, B = 1
ut = uxx (3.41)
c. Choosing a = −b2, c′(u) = 0, G(u, ux) = ux2+ u2ux/2, h(u) = −bu2/2 we obtain Burgers
equation, A = 1, B = −uux
ut = uxx − uux. (3.42)
d. Choosing a = −b2 = −1, c′(u) = 0, G(u, ux) = ux2 + (u − u2)ux, h(u) = 0 we obtain
Fisher equation, A = 1, B = u− u2
ut = uxx + u(1− u). (3.43)
3.
A(u, ux) = a,
B(u, ux) = au
2
x(Φuu + bΦ
2
u)/Φu + 1/Φu + ǫux,
β(t, x, u) = v(t, x) exp(−bt + bΦ),
(3.44)
where Φ(u) is an arbitrary function, a and b are constants, and v(x, t) is a solution of the
following equation:
vt − bvx + avxx = 0.
4.
A(u, ux) = a,
B(u, ux) = au
2
xℓu + ǫux,
β(t, x, u) = v(x, t) eℓ,
(3.45)
where ℓ(u) is an arbitrary function, and v satisfies the same linear equation (3.45).
5.
A(u, ux) = Gu/Φu,
B(u, ux) = u
2
x(Guu + τG
2
u + ǫGuΦu)/Φu + ux(δ + 2σGu/Φu) + 1/Φu,
β(t, x, u) = exp[−ǫt + σ(x+ δt) + τG + ǫΦ] cosh[(x+ δt− µ)
√
σ2 − τ ]Φu,
(3.46)
where Φ(u) and G(u) are arbitrary functions, and δ, ǫ, µ, σ, and τ are arbitrary constants.
We do not pursue the remaining cases, since these necessarily involve dependence on
1/ux. However, the above analysis gives insight into, for instance, equations of the following
class:
ut = uxx + u
n
x, n = 0, 1, 2, 3, ... (3.47)
We have shown that such an equation possesses a conservation law only for n = 0, 1, 2. For
n ≥ 3, such equations are not quasi-Noether and, hence, do not admit conservation laws.
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3.4.2 Quasi-linear equations
Consider now quasi-linear equations of the form
∆ = utt − A(u, ux)uxx − C(u, ux) = 0. (3.48)
We require our equation to be quasi-Noether (3.3)
Eu[β(utt −Auxx − C)] =˙ 0. (3.49)
Using the identity (3.22)
Eu(β∆) = (D
∗
∆)β + (D
∗
β)∆, (3.50)
we obtain
Eu(β∆)
.
= (D∗∆)β
.
= 0. (3.51)
For equations (3.48) condition (3.51) takes a form
Dt
2β −Dx2(βA) +Dx(βuxxAux) +Dt(βuxxAut)+ (3.52)
Dx(βCux) +Dt(βCut)− βCu − βAuuxx = 0.
Solving (3.52) for β = β(x, t, u), we obtain
A = utL + M,
C = utR + P + f(u, ut),
(3.53)
where
R(u, ux) =
∫ [
βx
β
L+ uxLu
]
dux
P (u, ux) =
∫
K(u, ux) dux,
(3.54)
and L = L(u, ux), K = K(u, ux), f = f(u, ut), β = β(x, t, u) are functions to be determined.
We get the following solutions:
1.
L =
1
m
[2Mu + lMux + uxMuux −Kux ]
R =
∫
[lL+ uxLu] dux = l
2M + 2luxMu + ux
2Muu − lK − uxKu +
∫
Kudux,
(3.55)
where l, m are abrbitrary constants, M(u, ux), K(u, ux) are arbitrary functions, β = e
lx+mt,
and f(u, ut) satisfies
−fu +mfut + utfuut = −m2. (3.56)
2.
R = L = 0
K = (l + qux)M + uxMu +
∫
[qM +Mu]dux + r(u),
(3.57)
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where l, m, q are abrbitrary constants, function M(u, ux) is arbitrary, β = e
lx+mt+qu, and
f(u, ut) = −qu2t + s(u)ut + v(u), s(u) = −m+
qv(u) + v′(u)
m
. (3.58)
Examples:
a. If M(u, ux) = c, we obtain
utt =Muxx + (lM + r(u))ux + qMux
2 +R(u) + (−qut2 + sut + v), (3.59)
where s(u) satisfies (3.58) and functions r(u) and R(u) are arbitrary. Choosing q = s = v =
0, r = −lM we obtain
utt =Muxx +R(u). (3.60)
The class (3.60) includes Liouville equation (R(u) = keλu)
utt = Muxx + ke
λu, (3.61)
and Sine-Gordon equation ((R(u) = ksinλu)
utt =Muxx + ksinλu. (3.62)
b. Choosing M(u, ux) = g(u), q = s = v = 0, r(u) = −lg(u), we obtain
utt = g(u)uxx + g
′(u)ux
2. (3.63)
The equation (3.63) is a nonlinear wave equation.
4 Quasi-Lagrangians
For β a cosymmetry, the quantity L = β · ∆ serves an analogous role to a Lagrangian. In
this section, we examine the applications of such a quasi-Lagrangian L in more detail. We
show that equations with a quasi-Lagrangian have a Noether correspondence on a subspace.
We then demonstrate the incompleteness of the symmetry/cosymmetry correspondence with
an example. We conclude with a comparison of the invariant submanifolds of quasi-Noether
systems with those of Hamiltonian systems.
4.1 A Noether correspondence
Let us introduce the operator T depending on β such that E(β · ∆) = T · ∆. If D∆ is an
endomorphism (same number of equations as dependent variables), then T = D∗β − Dβ by
(3.12).
We say an operator T is nondegenerate if its restriction to ∆ = 0 is not the zero operator.
If β is a characteristic for a conservation law (generator), then E(β · ∆) = 0, so T = 0
(degenerate). Thus β, in this section, will be a cosymmetry which is not a characteristic.
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Recall that a functional L[u] =
∫
L[u]dx is an equivalence class modulo total divergences.
We say a smooth functional L[u] =
∫
L[u]dx is nondegenerate if it is nonzero and some
representative L[u] (hence all of them) does not vanish quadratically with ∆. We identify
nondegenerate functionals with their affine terms: L ∼ L|∆=0+βI ·DI∆. Mod a divergence,
we then have L ∼ L0 + β · ∆, where β = (−D)IβI comes from integration by parts. We
will abuse notation in the below and identify L with L. As a non-example, consider, for
example, a second order scalar nonlinear PDE ∆ = ∆1(uij). Then for L = ∆
2, we have
E(L) = Dij(A
ij∆), where Aij = 2 ∂∆/ ∂uij .
The concept of sub-symmetry was introduced in [17]. We say Xα generates a sub-
symmetry of ∆ if Xα(T · ∆)|∆=0 = 0 for some nondegenerate T . In the special case that
Xα(T · ∆)|T ·∆=0 = 0, clearly Xα is an “ordinary” symmetry of a sub-system T · ∆; the
more general definition will not be needed here. We note that in [18], sub-symmetries of
sub-systems generated by co-symmetries yield conservation laws through the mechanism in
the previous section. In the present work, we find a new appearance of sub-symmetries.
We now present an extension of Noether theorem. Every variational symmetry Xα of
a quasi-Lagrangian L corresponds to a conservation law characteristic T ∗α in the image of
T ∗. The variational symmetry is only a sub-symmetry of the PDE ∆. If L = L0 + β · ∆
and cosymmetry β is also in the image of T ∗, then a family of equations ∆ + ker[T ] shares
variational symmetries, hence conservation laws generated by the quasi-Lagrangian.
Theorem 2. Let ∆ be a normal, totally nondegenerate PDE system, and suppose there exist
smooth and nondegenerate operator T and functional L such that E(L) = T ·∆.
1. XαL = div, if and only if (T
∗α) ·∆ = div.
2. If XαL = div, then α is a sub-symmetry of ∆.
Let L = L0 + β ·∆. Define ∆f = ∆+ f and Lf = L0 + β ·∆f for f ∈ ker[T ].
3. If β ∈ im[T ∗], XαLf = div if and only if XαL = div.
Proof. 1. The Noether theorem states XαL = div if and only if α·E(L) = div, so α·(T ·∆) =
div. If we integrate by parts, we obtain (T ∗α) ·∆ = div, as desired.
2. It is well known XαL = div implies Xα is a symmetry of E(L). Since E(L) = T ·∆ is
a sub-system of a prolongation of ∆, this means Xα is only a sub-symmetry of ∆.
3. Since β = T ∗γ for some smooth γ, we have β · f = (T ∗γ) · f = γ · (Tf) + div = div,
so we conclude XαLf = XαL+ div.
Remark 1. Part 3 illustrates that a variational symmetry α of L need not correspond to a
symmetry of ∆, since if Xα∆f = A∆f , then Xαf = Af need not be true for all f ∈ ker[T ].
We will demonstrate this failure in Section 4.2.
Therefore, the Green-Lagrange-Noether approach is incomplete: it requires vector field
Xα to be a symmetry of ∆, while Part 2 indicates we must instead consider sub-symmetries.
The incompleteness was partially demonstrated in [1] in the case β is a characteristic of a
conservation law, but the case where cosymmetry β is not a characteristic was not indicated.
Note that Ibragimov’s approach [7] is distinct; it uses variational symmetries an ex-
tended, Lagrangian system obtained by, essentially, treating the β’s as dependent variables.
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Such variational symmetries must be symmetries of ∆, which is one reason why our result
is different. Another follows from a direct computation of the characteristic; there is an
additional term due to the symmetric action of Xα on L, which in our approach is simply a
divergence not contributing to the characteristic.
Remark 2. The main difference of our extension is that the vector field Xα is only a
sub-symmetry of the PDE ∆, not a true symmetry, since we are considering variational
symmetries of L. This highlights the incompleteness of the previous approach, which requires
using ordinary symmetries. We presented an example where all lower conservation laws arise
in this way, many only from sub-symmetries.
Remark 3. Upon restricting said symmetries of ∆ to variational symmetries of L, the results
are equivalent, of course. Let A∆ = Xα∆. The Green-Lagrange-Noether approach yields
the following conservation law:
(T ∗α−Xαβ −A∗β)∆ = div. (4.1)
But in fact, (Xαβ + A
∗β) = XαL+ div = div since α is a variational symmetry. Thus,
(T ∗α− µ)∆ = div (4.2)
for some generating function µ. This implies T ∗α is also a generating function.
Remark 4. We note that L0 = L|∆=0 is nonzero (mod divergence) in general. For example,
if E(L) = ∆ for L = uvt − λ[u, v] and the two-component evolution system
Eu(L) = vt −Euλ = 0,
Ev(L) = −ut −Evλ = 0,
(4.3)
then unless λ is of a special form, L need not vanish on ∆ = 0.
4.2 An example
It is well known that the second order Burgers equation
ut = uux + uxx = Dx(
1
2
u2 + ux) (4.4)
has exactly one conservation law and no cosymmetries other than β = 1. It thus has no
quasi-Lagrangians, and its conservation law does not arise from such. We next consider the
opposite situation.
Consider a third order evolution equation ut = F [u] of the form
ut = F [u] :=
3uxxuxxx
ux
− u
3
xx
u2x
+ f(t) =
1
uxx
Dx(
u3xx
ux
+ f(t)ux). (4.5)
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Even if f(t) = 0, this cannot be written as a Hamiltonian equation, since although ut =
D · E(H) for H = −1
2
u2x and the skew-adjoint operator
D = 2
uxx
ux
Dx +
uxxx
ux
− u
2
xx
u2x
,
it can be shown that D does not verify the Jacobi identity. We do, however, see a quasi-
Lagrangian structure:
E(L) := E(−1
2
ux(ut − F )) = Dx(ut − F ) =: T∆. (4.6)
We present the cosymmetries of order β(t, x, u, . . . , u5):
ux, −uxx, −Dx(xux + tF ), −DxF. (4.7)
The even-order cosymmetries in (4.7) are conservation law generators which arise from
variational symmetries of the quasi-Lagrangian
L := −1
2
ux(ut − F [u]).
Indeed, if we rewrite them using (4.5),
−Dxux, −Dx(xux + tut), −Dxut, (4.8)
then we see they generate a translation x→ x+ε, a scaling (x, t)→ eε(x, t), and a translation
t→ t+ ε, respectively. These (three) cosymmetries comprise the (order 4) conservation law
generators for equation (4.5).
There are two differences from the classical Noether theorem:
1. The variational symmetry u → u + ε does not lead to a conservation law since for
α = 1, we have T ∗(α) = −Dx(1) = 0.
2. Time translation is not a symmetry of ∆ = 0 unless f ′(t) = 0. Nevertheless, since
1
2
uxf(t)
is a divergence expression, we see α = ut generates a variational symmetry of L, and then a
conservation law of ∆.
Remark 5. We present a comparison with the quasi-Noether/nonlinear self-adjointness/Green-
Lagrange approach. Suppose the symmetry condition Xα∆ = A∆, and integrate by parts:
XαL = βXα∆+ (Xαβ)∆ = βA∆+ (Xαβ)∆ = (A
∗β +Xαβ)∆ + div. (4.9)
Also recall the Noether identity and quasi-Lagrangian structure (4.6)
XαL = αE(L) + div = αDx∆+ div = (−Dxα)∆ + div. (4.10)
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Combining these two formulas gives the characteristic for the conservation law generated
using this approach:
B(α) := −Dxα−Xαβ − A∗β. (4.11)
The only symmetry in (4.8) is α = ux. In this case, it can be verified that
−Xαβ = 1
2
Dxα, Xα∆ = Dx∆, −A∗β = −1
2
Dxα,
so that B(α) = −Dxα = T ∗(α). Recall the characteristic generated by a variational symme-
try is also −Dxα. Thus, the two approaches agree when α is a symmetry of (4.5).
Remark 6. Observe that α = ut and α = tut + xux do not generate symmetries of (4.5) if
f ′(t) 6= 0. However, a simple modification yields the desired conservation law.
Combining (4.9) with (4.10) without the symmetry condition X∆=˙0 yields
(−Dxα−Xαβ)∆− β Xα∆ = div. (4.12)
For α = ut, it can be shown that
Xα∆ = Dt∆− f ′(t) =: R∆− f ′(t). (4.13)
Therefore, after an integration by parts, we recover the conservation law plus an error term:
(−Dxα−Xαβ −A∗β)∆ + βf ′(t) = div. (4.14)
In fact, the error is a divergence: f ′(t)β = Dx(−12uf ′(t)), so we derive an analogous conser-
vation law. Again, the characteristic is −Dxα.
Let us apply the same analysis to α = tut + xux. We have
Xα∆ = −∆+ tDt∆+ xDx∆+ (1− tDt)f(t) =: A∆+ f(t)− tf ′(t).
As before, we obtain
(−Dxα−Xαβ − A∗β)∆ + β(f(t)− tf ′(t)) = div.
The second expression on the left hand side is a divergence, so we obtain a conservation law.
Using −A∗β = −1
2
Dxα, we conclude the characteristic is again −Dxα.
4.3 Critical points and symmetries
We will show that quasi-Lagrangians are “opposite” in a sense to Hamiltonians. Let ∆ =
ut − P [u] be an evolution system with evolutionary operator
Dt = ∂t + u
a
It ∂uaI =˙ ∂t +DIP
a ∂ua
I
= ∂t +XP . (4.15)
Each of these objects satisfies special determining equations: α symmetry, β cosymmetry.
Symmetry α satisfies the equation
Dtα = DPα. (4.16)
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Cosymmetry β satisfies the equation
Dtβ = −D∗Pβ. (4.17)
These equations imply that symmetry invariance α = 0 and cosymmetry invariance β = 0
are compatible with ∆ = 0. By compatible, we mean if u0(x) solves γ(t0, x, u0, . . . ) = 0,
then for time evolution u(t) = U(t; t0)u0, we have γ(t, x, u(t), . . . ) = 0. This follows for
P, u0 analytic by a (local) power series expansion, since the invariance conditions imply
Dkt γ|γ=0 = 0 for all k ≥ 0. The same holds for systems in Cauchy-Kovalevskaya form, which
can be rewritten as evolution systems.
Remark 7. It was observed in [1] that a co-symmetry β induces an invariant one-form
β[u] · du with respect to time evolution, in an analogous way that a symmetry α induces
an invariant vector field α[u] · ∂/ ∂u. The determining equations are simply vanishing Lie
derivatives of these tensors. The critical sets of these tensors are therefore time invariant,
which is a more geometric way to describe the compatibility of these invariance conditions.
Let us note an interesting phenomenon. If E(L) = T∆ is quasi-Lagrangian and Xα is
a variational symmetry, then Xα is a symmetry of T ·∆, but T ∗α generates a conservation
law of ∆. We thus find a “duality” relation between the existence of compatible systems.
Proposition 1. If E(L) = T∆ and XαL = div, then both {T ∗α = 0,∆ = 0} and {α =
0, T∆ = 0} are compatible systems.
Next, if cosymmetry β also generates a conservation law, we call the equation β = 0 the
critical point condition for the conserved integral generated by β. To justify this terminology,
we recall the well known fact that cosymmetry β is a characteristic if and only if D∗β −Dβ =
0 (self-adjointness), i.e. β = E(T ) for the conserved density T of the conservation law
DtT + DiX
i = β · ∆ = 0. It follows that β = 0 is the Euler-Lagrange equation for the
(possibly time-dependent) functional
∫
T [u]dx, i.e. the equation for critical points of this
conserved integral.
By the discussion for cosymmetries, the critical point condition is compatible with time
evolution ut = P . This is sensible for two reasons: 1. if u(0) is a minimizer of
∫
T [u]dx for
suitable boundary conditions, then the conservation of
∫
T implies u(t) is also a minimizer
at later times. 2. If ∂tT = 0, then
XPT = DtT = −DiX i = div, (4.18)
so P actually generates a variational symmetry of the functional
∫
Tdx. It follows that XP
is a symmetry of E(T ) = 0, hence preserves the solution space.
Remark 8. Although many current papers are devoted to the construction of Lie-type
invariant solutions and conservation laws for non-Hamiltonian systems, we are not aware of
any which constructed the critical points of these conservation laws. The possibility for such
was raised in [9].
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Example 1 (Time-dependent conservation law). The KdV equation
ut + uux + uxxx = 0, (4.19)
has conservation law
DtT +DxX =˙ 0 (4.20)
of the form
∂
∂t
(
xu− tu
2
2
)
+
∂
∂x
(
t
(
u2x
2
− uuxx − u
3
3
)
+
xu2
2
+ xuxx − ux
)
= 0, (4.21)
such that T [u] = xu− tu2
2
, and E1T [u] = x− tu. If σ 6= 0, then u∗(x) = x/σ is a solution of
E1T (σ, x, u, . . . ) = 0, and u(t, x) = x/t is the solution of {ut = P,E1T = 0} which satisfies
u(σ, x) = u∗(x).
Example 2 (Time-dependent evolution). The generalized KdV equation [3]
ut + f(t, u)ux + uxxx = 0, (4.22)
where f(t, u) = at−1/3u+ bu+ cu2 for a, b, c constant, has explicit time dependence if a 6= 0.
It has a conservation law DtT +DxX =˙ 0 with conserved density
T =
1
2
ctu2x −
1
12
t(cu2 + bu)2 +
1
6
x(cu2 + bu)− 1
2
at2/3(
1
3
cu3 +
1
4
bu2), (4.23)
and characteristic (note that [3] has a typo in the uxx term)
EuT = −ctuxx − 1
6
t(2c2u3 + 3bcu2 + b2u)− 1
4
at2/3(2cu2 + bu) +
1
6
x(2cu+ b). (4.24)
Let show the system {ut+fux+uxxx = 0, EuT = 0} is compatible. Suppose first that c = 0.
Then the solution of EuT = 0 is
u(t, x) =
2x
(3a+ 2bt1/3)t2/3
, (4.25)
which solves (4.22) for c = 0. Suppose now that c 6= 0. If we solve EuT = 0 for uxx, then it is
easy to show that (uxx)t = (ut)xx, or that (4.22) is consistent with EuT = 0. Alternatively,
substituting EtT = 0 into (4.22) gives a first order PDE, which has solution
u(t, x) = − b
2c
+ t−1/3g
(
ξ
)
, ξ = t−1/3x+ (4c)−1(3abt1/3 + b2t2/3), (4.26)
where g is an arbitrary function. Substitution into EuT = 0 gives an ODE for g.
Example 3 (A non-Hamiltonian example). The nonlinear telegraph system [4]
vt + ke
uux − eu = 0,
ut − vx = 0,
(4.27)
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where k 6= 0 is a constant, has a conservation law with density (note the typo in [4])
T = e−x/k[(tv/2 + 2x)v − k(uv + teu)] (4.28)
and characteristic
EuT = −ke−x/k(v + teu),
EvT = e
−x/k(2x+ tv − ku). (4.29)
A critical point (u∗, v∗) satisfies the system EuT = EvT = 0, whose solution is
u∗(x, t) = 2x/k −W
(t2
k
e2x/k
)
,
v∗(x, t) = −k
t
W
(t2
k
e2x/k
)
,
(4.30)
where W is the Lambert W function. It is straightforward to show that (u∗, v∗) solves (4.27).
Before turning to our next result, we recall Hamiltonian systems, see Chapter 7 in [11].
Suppose
P = D · E(H) (4.31)
for some HamiltonianH [u] and skew-symmetric operatorD which verifies the Jacobi identity,
in the sense that if {P,Q} = ∫ E(P ) ·D ·E(Q)dx is the Poisson bracket induced by D, then
{, } verifies the Jacobi identity. Then the Noether relation (Theorem 7.15 in [11]) states that
every conserved integral
∫
Tdx yields a symmetry of Hamiltonian form: α = D · E(T ). In
other words,
α = D · β, (4.32)
where β = E(T ) is the associated characteristic. The converse is not true: if the Hamiltonian
vector field generated by α = D · E(T ) is a symmetry, then β = E(T ) need not be a
characteristic. However, there exists a time-dependent C[t; u] with C[t0; .] ∈ kerD for each
t0, such that β − C generates a conservation law.
We now compare this situation to the “opposite” quasi-Lagrangian case in the following.
Theorem 3. Let E(L) = T ·∆. If γ = T ∗α generates a conservation law, then vector field
invariance implies the critical point condition. If T is a smoothly invertible (skew-symmetric)
matrix function, then the conditions are equivalent.
Let ut = D · E(H). If α = D · β for β = E(G), then the critical point condition
implies symmetry invariance. If D is an invertible (skew-symmetric) matrix function, then
the conditions are equivalent.
If T,D commute with ∂t, then their invertibility implies that T
−1∆,D−1∆ is Lagrangian,
respectively.
Remark 9. In the first case, α need not be a symmetry, but if it is, then symmetry invari-
ance implies the critical point condition. Moreover, in Section 4.2, we see that symmetry
invariance occurs after dividing by the kernel f(t) of T , analogous to conservation of β
holding after dividing by the kernel of D.
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5 Conclusions
In this paper, we discussed the problem of correspondence between symmetries and conser-
vation laws for a general class of differential systems (quasi-Noether systems). Our approach
is based on the Noether operator identity. We discussed some properties of Noether identity,
and showed that it leads to the same conservation laws as Green-Lagrange identity. We gen-
erated classes of quasi-Noether equations of the second order of evolutionary and quasilinear
form.
We introduced the notion of a quasi-Lagrangian, which generalizes the quantity L := β ·∆
used in previous works to the case where L|∆=0 may not be zero. This generalization recovers
the case where ∆ = E(L) is actually a Lagrangian system, thus allowing us to extend Noether
theorem (Theorem 2). The previous work was not able to achieve both of the following: 1.
achieve an extension of Noether while still involving symmetry vector fields (see [1] for
an extension using only cosymmetries), and 2. recover the case of a Lagrangian system
∆ = E(L).
Based on the notion of invariant submanifolds we introduced critical points of conserva-
tion laws, and gave examples of the compatibility of cosymmetry invariance and the critical
point condition, including for a non-Hamiltonian system.
We concluded with a comparison of the invariant submanifolds of quasi-Noether and
Hamiltonian evolution equations, and showed these systems are “opposite” in some sense.
For Lagrangian systems, the cosymmetry and symmetry invariant submanifolds coincide,
while in general there is a containment in one direction or the other.
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